Lecture 07
Velocity Propagation
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fixed point
vp =Q x P
Eg: 0=<1,3,2>, P=<-2,0, 1>

Q x P =<(3%1), -(1x1)+2x%-2, -(3%-2)>
QxP=<3,-5,6>

Vp is proportional to:

Cross Product Operator

c=axb=c=ab

vectors > matrices

axX = a :askew-symmetric matrix

0 -a a, |b

c=ab=| a. 0 —-a |lb c=ab
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Cross Product Operator
vp = Qx P= v, =QP

(Ax = Q) : a skew-symmetric matrix

Eg: 0=<1,3,2>,P=<-2,0,1> | 0 -2 3 | -2 3
QxP=QP=|2 0 -1|| 0 |=|-5
-3 1 0 1 6

Linear and Angular Velocity

Vg - linear speed of {B} w.r.t. {A}
Vpsg : linear speed of P w.r.t. {B} 0 v
Q : angular speed of {B} w.r.t {B} ;’ \ /B

Then what'’s the linear speed
of P w.r.t {A}, VP/A=?
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Velocity Propagates from Base to End

Spatial Mechanisms
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Propagation of velocities
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. v linear velocity
X < .
® : angular velocity

Velocity Propagation from {i} to {i+1}
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Computationally Complex because of frame transformation
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Tutorial If a single frame of reference {0} is used

‘0 =0 +°6,5,=[0 0 (& +6,)]

Example
V1'+l = Vj!- + C!)f X P;H 0 0 0 0 Angular
Vo=V, + @, X P velocity of P3
. L P P 2 3 w.r.t {0} 2n4 link ©
- "0, =0,"Z - - ~ nd link w.r.t
vp=0  e=0.2 I, o -1 0] 1!
Vp =Vp t @, XD v, =| L.c, |0, +|1 0 0(@+@Wg
vpj — va + @, X R i 0 | :0 0 0 f;;(_,l:
=I5, —1, .5, 1.5,
01/.c =5, =| l.c, |0, +| L.c, [(O0,+8,) 0
v, =040, 0 Ol|l.s, |=]|l.¢ |6, 0 0
0 0 O 0 0
Computationally efficient because of fixed frame of Ref. {0} 0
~(Is, +1bs,,) —Ls, 0], The Jacobian (ExpLIcIT FORM)
“vp =| L +he, Le, 010, Provides insight Oi}//’_f‘“f_ﬁ
0 0 0 93 into JaCObI?@r?.-.---""‘"”%'_'"' AN
- J //./ T \‘\r:l
. e J ‘ a // ///'/ (\ﬂ\
0 0 0ff86, v 0 / %
0 / 0 _0 0) ~ __ B o
0)3 - 0 0 0 . 92 « a)3_ a)2+ 9323 - O .”7-.]/77777‘\
L1 1], 6+6,+0, Revolute Joint €2, = Z, g,
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Prismatic Joint V. = Z.q.

Describe how each joint contributes to V and o of
the end-effector
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The Jacobian ExpLIcIT FORM)

().t
Q; - o
Neglect j’:/ ,}u&’\\“‘\ @
co-ordinate el oy I? ~ !
transformation " 4) .
// < /// {ﬂ\\ : V
_“Effector Prismatic Revolute 7
b Every joint
ATTTTTT Linear Vel: If contributes to v
Angular Vel: none (), OnlyR joints
Effector Linear Velocity contribute to ®
Vv = Z [e, V.+€, (O, xE )] Ve=Zq

i=1
Effector Angular Velocity
W= Z € Q,
i=1

Q=24
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Vv

%

Contributes only if
the last joint is

=le, Z+€ (Z,xF)g + prismaticl
+[E”'I Z + én—l (Zn—l X F(’n—l)n)]q.n—l + En an,, _C}]

n=1
_ _ 4
=[E] Z]+E] (Z]XE”) EE ZE+EE (ZEXPSJJ) ] :

= | There is an easier way .
V= JV (j to determine J, using T _qr‘f -

w:él ZlQl+éQ qu.g et é}l’ Zilq..il 6;,]
4,

w=J g A

14

Jacobian of a 6dof manipulator
All rotary manipulator (eg. Puma560)

Without frame transformation q,

49

(VJ_|:ZIXI)16 L, XPy 23X Py 7,XPg zsX Py zgX Py | ¢,

o Zy Z3 Z3 Z4 Zs Zo |4

qs

With co-ordinate transformation L% ]
i
9
by _ ?R(ZIXI)IG) ;R(ZZX})Zﬁ) ;)R(Z3XI)36) fR(z4><P46) 2R(z5><})56) f?R(zoXPbe):O 4
‘o IR, Rz, Rz, iRz, SRz o Rz, ] 4
qs
3

15

Jacobian of a 6dof manipulator

Stanford Schinman Arm (RRPRRR)

Without frame transformation q,

[0

With co-ordinate transformation

(VJ{ZIXP]G uXPy 2 2XPe=0 2XP=0 2B =014,

49,
Z 23 0 n Zs 26 J q,
qs
L5

q
9,
[OV]_|:?R(11XPM)) "R(z,xP) Rz, 0 0 0 |4
‘w) 'Rz, Rz, 0 JRz, SRz nge_ 9

g
9 |
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Jacobian in a Frame

Vector Representation
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&, &, &,
J = _&Yl _q 2 _5%
§-Z, &2 &L,
In {0}
’x, O'x, x,
075 _ ) ) )
J - ‘;QI OQE oq,-z
— 0 — 0 — 0
El Zl e,’. ZE gz n
. Matrix .]1, (direct differentiation)
J in Frame {0} i, |
X
Oz_OR fZ, fZ _Z_ V=Y I|=X= ,P-ql+ﬁp-qE+"'+,’P-qn
i i i Z g “123q Mz
< 3xn >
3 colomn in R i A A A
;| % % Zh
c o 2 2 o oq, oq oq
Uy ( xp) - ( xp) - ( xp) : ’ 4e Xp
o oql 2 n
— (0 — /0 — (0 x
c(RZ) &(RZ) - E.RZ) ‘ )
3" colomn in 3" colomn in 3rd colomn in T =
0 0 0 z




SCA Jacobian from HTMs

1 o, a, di {Ji
9T (4) 9T(4) OR(.3) L0 0 0 8,
p) 9 R 2 90 0 d2 92
4 4 05 3/ 90 0 d 0
: 4l 0 0 0 9,
R R | P R R | R g '33 g g gs
4xhy i Z,xBy Z, 0 0 i 0 ¢
Zl Z: 0 Z4 Zq Zﬁ co, -s6, 0 a
N |-1T — | s6ca, ch, ca. -sa, -sa, d
05 5 05 5 05 it 7| sbsa cO. sa. ca. ca  d
Zl 022 Z4 OZS Z6 0 i-1 i-1 0|-1 =1 i
. — _ 1 N-1
?R(:3) R(:3) fR(33) gR(:?)) gR(:3) Forward Kinematics: = :'T 2T . NT
¢, 0 0 €4 00
' s, 0 0
0 _ s, 0 0 T = 5 Lo
) 0 1 0
0 1 0 1
e =5, 0 0 c; —s; 0 0
0 0 1 d, iT= o0 b
s e 0 0 -s; —¢5 0 0
O; d 0 1 0 0 0 1
) 1 0 0 0 (¢, —s, 0 0]
o0 -1 -q sy 0 -0
2T = 6 .
01 0 O S¢ ¢ 0 0
00 0 1 L0 0 0 1]
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c,dys, —s,d,

s,dys, +¢,d,

ds )
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CCC =SS, —CCS, =S¢, | ¢S,
5,6,6,+GS, 8,68, +cc, | 58,
—S,C, 5,8, ¢ d,c,

0 0 R

X |-cc,s, —s,C4

X |-s,¢s, +cc,

X 5,8,

0 0 2R(:3)

cd,s,—sd,

sld352 +c|d2

CCyC S5 —85,85,55 TC5,85
§,6,C,85, +C 8,8, +85,C,
—8§,C,85 +C5C,

0 JR(:3)

A0 A0 0
Ghy BBy LDy
0 ": ) 2 0 0
J=| oq, cq, 04,
0 0 0 0
A Z, 0 Z, "Z
1 2 4 5
[—c,d, —5,8,d; c¢d; ¢s, 0 0
-5,d, +¢,5,d, sc,d, s55, 0 0
0 =Sl 0 0
0 -5, 0 68 —66S; =8Ey CCE =N S FEE;E;
0 cl 0 w585 =85,058; hECp 80568508, 88 850
1 0 0 C5 5585

=85Ci85+ 050

27




